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2011c10�10F

1. �G = GL2(R), B�Ù¥þn�
�¤�f+, w = ( 0 1
1 0 ). y²:

G´BwB�B�Ø�¿.

2. �ÑGLn(Fp)���Sylow pf+.

3. y²GL2(C)¥Ø¹�êk��ýf+.

4. ®�o�êH = {a+ bi+ cj+ dk | a, b, c, d ∈ R}¥�¦{Xe�Ñ:

i2 = j2 = k2 = −1, ij = −ji = k, jk = −kj = i, ki = −ik = j.

(1) y²H× = H− {0}3¦{¿Âe�¤+.
(2) éuα = a+ bi+ cj + dk, ½ÂÙ�Ý�ᾱ = a− bi− cj − dk. y
²N : α 7→ α · ᾱ = a2 + b2 + c2 + d2 ´H×�R×�+Ó�.

(3) y²kerNÓ�u

SU(2) =

{(
α1 α2

−ᾱ2 ᾱ1

)
: α1, α2 ∈ C, |α1|2 + α2|2 = 1

}
,

Ù¥Eêα = x+ yi ��Ý´x− yi.

5. (1)eG/C(G)´Ì�+, y²G�C��+, ����k�+G�¥
%C(G)��ê≥ 4.

(2) XG�n�k�+, t�G¥�Ýa��ê, c = t
n
. y²c = 1½

öc ≤ 5
8
.

6. �H, K´G��5f+§�HK = G, H ∩K = {1}. y²G Ó�
uH ×K.

7. �+G´24�+�Ù¥%²�, y²GÓ�uS4.
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2011c11�14F

1. (10©) �f(x) ∈ Z[x]3Q[x]þ��, y²Ù3Z[x]þ��.

2. (15©) �I1, · · · , In´�R¥�n�, ��n�P =
n⋂

i=1

Ii. y²: P7

�uÙ¥,�Ii.

3. (20©) �A = Z[
√
−2].

(1) y²A´îAp���.
(2) �Ñ�êp3A¥�Ïª©).

4. (25©) �A´k�C��+, S1�ü �. ½ÂA∗ = {+Ó�f :
A→ S1}, ¿3Ù¥½Â¦{�:

(f · g)(x) = f(x)g(x).

(1) y²A∗´k�C��+.
(2) y²A Ó�uA∗.
(3) XJB´A�f+, KN�ϕ : A∗ → B∗, f 7→ f |B´÷Ó�, Ù
¥f |B´Ó�f : A → S13Bþ���(J«: �±k�ÄA/B´p�Ì
�+��/).

5. (30©) �D���, K´D�û�. �8ÜS ⊆ D ÷v^�
(i) 0 /∈ S, 1 ∈ S;
(ii) éx, y ∈ S, Kxy ∈ S.
½Â

S−1D =
{m

n
| m ∈ D, n ∈ S

}
⊆ K.

y²:
(1) S−1D ´K¥�¹D�f�.
(2) S−1D¥��n�7kS−1 p = {m

n
| m ∈ p, n ∈ S}�/ª, Ù

¥p´D��n�.
(3) SpecS−1D�8Ü{p ∈ SpecD | p∩S = ∅} ��éA.
(4)�D = Z, p = pZ, S = Z−p,KZ/ p = Z/pZÓ�uS−1Z/S−1 p.
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1. (30©) (1) y²éun ≥ 3, x2
n
+ x+ 13F2[x]þ´��õ�ª.

(2) �p, l ��ê, n ���ê, Á¦Fp[x]¥l
ngÄ�Ø��õ�ª

��ê.

2. (20©)�p´�ê, ζp = exp(2πi/p)´pg�ü �, (a
p
)�LegendreÎ

Ò. �

G =
∑
a∈Fp

ζap

(a
p

)
.

y²:
(1)

∑
a∈Fp

ζap = 0.

(2) G ·G = p, Ù¥G ´G�E�Ý.

(3) G = ±
√

(−1)(p−1)/2p.

3. (25©) �F ⊇ Q´ê�, K/F´��ngk�*Ü. �α ∈ K.
-Tα�Kþ�F -�5C�Tα(x) = αx.

(1) �α3Fþ���õ�ª�f(X) = Xd+ ad−1X
d−1 + · · ·+ a0. Á

¦TrTαÚdetTα.
(2) ½ÂTr(α) = Tr(Tα). y²B : K × K → F , (x, y) 7→ Tr(xy)
´Fþ�V�5/, �´�òz�(=ex ∈ K, B(x, y) = 0é¤ky¤
á. Kx = 0).

4. (25©) (1) y²R[x]¥�Ø��õ�ª�½´1g½ö2g�(5: �
���êÄ�½n).

(2) y²Z[x]þ�4�n�7k(p, f(x))�/ª, Ù¥p´�ê, f(x)
mod p´Fp[x]þ�Ø��õ�ª.
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2012c1�3F

555¿¿¿: Áò�12K, zK30©, o©300©. �ò<�±À�Ù¥?Û10K. õ
�U�`10K�©. K8JÝÚgSÃ(½'X. ���KKK���þþþ777LLL555²²²KKKÒÒÒ.

1. (1) �a, b�+G���, a��´5, �a3b = ab3. y²: ab = ba.
(2) Á¦S6¥2����ê.

2. y²SLn(R) d1�aÐ�Ý
I + aEij)¤, Ù¥Eij�1(i, j)-��1, Ù
¦��0.

3. �G, A, B �k�C��+. XJG⊕A ∼= G⊕B, y²A Ó�uB.

4. `²é���1�þn�
8Ü´GLn(Fp)���Sylow pf+,¿¦GLn(Fp)
¤kSylow pf+��ê.

5. �R����. ¡x ∈ R��"�, XJ�3n ∈ N. xn = 0. ¦y:
(1) R¥¤k�"��¤�8ÜN´R���n�.
(2) R¥¤k¢n�þ�¹N .

6. (1) Á¦11 + 7i�18− i3Z[i]þ���úÏf.
(2) em,n��ê, Km,n3Zþ���úÏf�u§�3Z[i]þ���ú

Ïf.

7. �p��ê, A�n���
, Ap = I�A 6= I, y²n ≥ p− 1.

8. £Áf(x) = (x− α1) · · · (x− αn)��Oª´

D(f) =
∏

1≤i<j≤n

(αi − αj)
2.

�p��ê.
(1) O�f(x) = xp−1 + xp−2 + · · ·+ 1��Oª.

(2) y²Q(ζp)/Q¥����gf*Ü´Q(
√

(−1)(p−1)/2p).

9. ����8��, ¿�ÑÙ\{LÚ¦{L.

10. �K´f(x) = x4 − 23Qþ�©��, Á¦K/Q�Galois+Ú�Üf�.

11. �α2
1 = 2, α2

2 = 3. ¦α1 + α23Q, F5, F7þ�Ø��õ�ª.

12. �K´f(x) = x4 − 23F5þ�©��, Á¦K/F5�Galois+Ú�Üf�.

1



CCC­­­���êêê������
2013c3�27F

1. � A,B ´+ G �ü�f+. Áy AB ´ G �f+��=�
AB = BA.

2. £�e�¯Kµ
(1) � p ´�ê, p ���+´Ä�½¹k p ��?
(2) 35�+´Ä�½Ó�¹k5�Ú7���?
(3) ek�+ G Ó�¹k10�� x Ú6�� y, @o+ G ��AT
÷v�o^�?

3. ÁO�:
(1) S6 ¥2����ê.
(2) A8 ¥�������ê.

4. �+ G �^38Ü Σ þ. - t L« Σ 3 G �^e�;��ê, é
?¿ g ∈ G, f(g) L« Σ 3 g �^e�ØÄ:�ê. Áy∑

g∈G

f(g) = t|G|.

5. (1) e G/Z(G) ´Ì�+, y² G �C��+, ����k�+ G
�¥% Z(G) ��ê > 4.

(2) XJ G � n �k�+, t � G ¥�Ýa��ê, c = t
n
. y²

c = 1 ½ö c 6 5
8
.

6. �+ SL2(R) 3þ�²¡ H þ��^=: é γ =

(
a b
c d

)
, γ(z) =

az + b

cz + d
. Áy²�©/ª

dx ∧ dy
y2

3 γ �^eØC, =e z = x + yi,

γ(z) = x′ + y′i, K
dx ∧ dy
y2

=
dx′ ∧ dy′

y′2
.

7. (1) � p ´�ê, n > 1. y²N�

ϕ : GL2(Z/pnZ)→ GL2(Fp),

(
a b
c d

)
7→
(
a mod p b mod p
c mod p d mod p

)
�+�÷Ó�.

(2) Á¦+ GL2(Z/pnZ) ��.
(3) ���ê m,n p�. Áy²:

GL2(Z/mnZ) ∼= GL2(Z/mZ)×GL2(Z/nZ).
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1. y²Eê� C �i\�� M2(R) ¥.

2. - G = G1 × G2 × · · · × Gn, �é?¿ i 6= j, |Gi| Ú |Gj| p�. y
² G �?¿f+ H Ñ´§�f+ H ∩Gi (i = 1, 2, · · · , n) ��È.

3. � R ´�, m ´ R ���n�. b� R �z�Øáu m ���´
R ¥ �ü . y² m ´ R ���4�n�.

4. � F ´�, õ�ª� F [x] �©ª�P� K. éu a ∈ F , ¡
f(x) ∈ K 3: a ?�K´��3 p1(x), p2(x) ∈ F [x], p2(a) 6= 0 �

f(x) =
p1(x)

p2(x)
. ½Â f 3 a :��� f(a) = p1(a)/p2(a).

(1) y² f(a) �½Â´ûÐ�.
P O �¤k3 a :�K� f(x) �¤��.

(2) ¦ O �ü +.
(3) y² O ¥ýn� I þ´d (x− a)n(n ∈ N) )��Ìn�.

5. y²150�+Ø´ü+.

6. �k�C��+ A ∼= Z/pα1
1 Z⊕· · ·⊕Z/pαs

s Z,Ù¥ pi ´�ê, αi ≥ 1

���ê. y² A �?¿f+ B þÓ�u Z/pβ11 Z⊕ · · · ⊕Z/pβss Z, Ù
¥ 0 ≤ βi ≤ αi ��ê.

7. � R ´��ê8Ü�� K �¼ê�N. 3 R þ½Â\{���¼
ê�\{, ¦{½Â�òÈ: éu f, g ∈ R, òÈ f ∗ g =

(f ∗ g)(m) =
∑
xy=m

f(x)g(y).

Ù¥¦ÚL¤k��êé (x, y) ¦� xy = m.
(1) y² R 3þã\{Ú¦{¿Âe�¤���, Ùü ��¼ê

δ, Ù¥ δ(1) = 1, δ(x) = 0 X x 6= 1.
(2) y²~�¼ê ϕ1 : x 7→ 1 �_�� Möbius¼ê

µ(x) =


1, x = 1;

(−1)r, x´r �ØÓ�ê�¦È;

0, Ù¦�¹.

(3) d(2), \U�Ñ Möbius úª¿�Ñndí?
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1.(1) ¦ ζ7 = e2πi/7 3 Q þ���õ�ª.
(2) ¦ cos 2π

7
3 Q þ���õ�ª.

2. �� F �A�Ø´ 2. y² F þ?¿ 2 g*Ü K þ���
K = F (

√
a), Ù¥ a ∈ F − F 2. XJ F �A�� 2, (Ø´Ä¤á?

3. � p ≡ 3 mod 4 ´�ê. y²û� Z[i]/(p) Ó�u Fp2 .

4. � D ´���Ø´�, y² D[x] Ø´Ìn���.

5. � α, β ©O´k�� Fp (p ´�ê)��ê4� F̄p ¥�õ�ª
x2 − 2 Ú x2 − 3 ��. - E = Fp(α, β). ?Ø E/Fp �*Ügê.

6. y²ü��õ�ª3 Q[x] ¥p���=�§�3 Z[x] ¥)¤�
n�¹k���"�ê.

7. � F ´�, R ´ F þ�¤k x �Xê� 0 �õ�ª�¤�8Ü.
y² R ´��Ø´ UFD.

8. y²� n ≥ 3 �, x2
n

+ x+ 1 ´ F2[x] þ���õ�ª.
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2013c6�17F

555¿¿¿: Áò�12K, zK30©, o©300©. �ò<�±À�Ù¥?Û10K. õ
�U�`10K�©. K8JÝÚgSÃ(½'X. ���KKK���þþþ777LLL555²²²KKKÒÒÒ.

1. y²½ö�Ñ�~:
(1) XJ��ê m �Ø C��+ G �� n, K G k m �f+.
(2) XJ��ê m �Ø G �� n, K G k m �f+.

2. �Ñ+ S6 ¥���U�., ¿¦Ñz�.¥����ê.

3. y² Q Ø´Ì�+, �§�?¿k�)¤f+Ñ´Ì�+.

4. Á�Ñ��9��¿�Ñ§�¦{L.

5. �a, b ´+G¥�ü���, y² a� a−1 k�Ó�, ab � ba k�Ó�.

6. Á¦Ñ (Ó�¿Âe) ¤k 6 �+.

7. Á¦Ñ (Ó�¿Âe) ¤k 8 �+.

8. � p ´�ê.
(1) y² p2 �+Ñ´C��+.
(2) ¦GL3(Fp) ¥Sylow p-+��.
(3) �ÑGL3(Fp) ¥Sylow p-+�äN~f, ¿`²§Ø´C��+.

9. � p, l �pØ�Ó��ê, n ���ê. ¦ Fp[x] ¥Ä�Ø�� ln gõ�
ª��ê.

10. �� F = F5 ½ö Q. y² f(x) = x3 + x+ 1 � F þ�Ø��õ�ª.
¦ f(x) 3 F þ� Galois+.

11. y² Q( 4
√
2(1 +

√
−1)/Q ´og*Ü; ¿¦Ñ§� Galois+.

12. (1) y² Q(
√
2,
√
3,
√
5)/Q ´ Galois *Ü, ¿¦Ñ Galois +;

(2) ¦��
√
6 +
√
10 +

√
15 3 Q þ�4�õ�ª.

13. � E/F �k� Galois *Ü, N Ú M �¥m�, E ⊇ N ⊇ M ⊇ F , ¿
� N ´ M 3 F þ��54�. y²

Gal(E/N) =
⋂

σ∈Gal(E/F )

σGal(E/M)σ−1.

14. � E � x4 − 2 3 Q þ�©��.
(1) Á¦Ñ E/Q ��Ü¥m�.
(2) Á¯=
¥m�´ Q � Galois *Ü?

15. � E = Q(α), Ù¥ α3 + α2 − 2α− 1 = 0. y²
1



2

(1) α2 − 2 �´õ�ª x3 + x2 − 2x− 1 = 0 ��.
(2) E/Q ´�5*Ü.
(3) Á¦ Gal(E/Q).

16. Á(½ Z[x] ¥¤k��n�Ú4�n�.

17. � u ´õ�ª x3 − 6x2 + 9x+ 3 = 0 ��.
(1) ¦y [Q(u) : Q] = 3.
(2) Áò u4 Ú (u2 − 6u+ 8)−1 L«� 1, u, u2 ��5|Ü.

18. � p ´�ê.
(1) y² f(xp) = f(x)p éu?¿ f(x) ∈ Fp[x] ¤á.
(2) ��ê m ≥ n ≥ 0. y²:

(
pm
pn

)
≡
(
m
n

)
mod p.

19. � p ´Z þ�Û�ê, n���ê. y² xn − p ´ Z[i] þ�Ø��õ�
ª.

20. y² x3 + nx+ 2 é¤k n 6= 1,−3,−5 ´Z þ�Ø��õ�ª.

21. � d ≥ 3 �Ã²�Ïf��ê, K = Q(
√
d).

(1) y² K ¥?¿��3Q þ���õ�ª�gê�u 1½ö 2.
(2) � O ´ K ¥¤k3 Qþ���õ�ª�Ä��Xêõ�ª����

8Ü. y² O ´� 2 gdC��\{+.

22. � n ≥ 3 �Ã²�Ïf��ê, R = Z[
√
−n).

(1) y² 2,
√
−n Ú 1 +

√
−n 3 R þ�Ø���.

(2) y²
√
−n Ú 1 +

√
−n 3 R þØUÓ����.

23. y²e��R ¥��n�Ñ´Ìn�, K R ´PID (J«: �y{. |
^ZornÚn, �Äé¤k�Ìn�U�¹'XüS¼��4��).

24. � p ´¹N��� R ��n�, I1, . . . , In ´ R �n�. XJ p =
n⋂
i=1

Ii,

K p 7�u,� Ii.
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