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1éu�þ ngõ�ª f(x) = anx
n+an−1x

n−1+· · ·+a1x+a0(a0an 6= 0),
-

f∗(x) = xnf(
1

x
).

(1) y² f(x) Ø����=� f∗(x) Ø��.
(2) y² 3x5 + 6x4 + 3x2 + 1 3 Z[x] ¥Ø��.
(3) � x1, x2, . . . , xn � f(x) � n ��, ¦^ f(x) �XêL«

(x1 + · · ·+ xn)(
1

x1
+ · · ·+ 1

xn
).

2 �Ñ S4 ¥¤k� 2 ��, �Ñ S5 ¥��������, ¿{ãnd.

3 (1) � X �k�8, Y � Z ´ X �f8� |Y | > |X|
2 , |Z| >

|X|
2 . y²

Y ∩ Z ��.
(2) � p �Û�ê, a, b ∈ F×p , c ∈ Fp. y²�§ ax2 + by2 = c 3 Fp ¥o

k).

4 O� x4 + x2 + x+ 1 � x5 + x2 + x+ 1 3 F2[x] Ú3 Q[x] ¥���
úÏf.

5 y² x2 + y2 + z2 = 1007 vk�ê).

6 (1) Á?Ø Z/nZ þ�� x 7→ −x �Ûó5.
(2) y²N� x 7→ x5 ´ F×p þ�Ó���=� p ØÓ{u 1 mod 5.

7 é¤k�ê p, ?Øõ�ª x2 − 6 3 Fp[x] ¥´Ä��.

8 � α, β ∈ Z[i] � β 6= 0. y²�3 γ, δ ∈ Z[i], ÷v

α = βγ + δ, 0 ≤ |δ| < |β|,

Ù¥ |z| =Eê z ���.
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1. O�K:
(1) ¦ 953 Ú 657 ���úÏf d, ¿¦ u, v ¦� 953u+ 657v = d.
(2) Á¦

n∑
i=1

i3.

(3) 3k�� F13 ¥¦ 5 �¦{_�.
(4) ¦)Ó{�§|: {

5x ≡ 4 mod 6,

3x ≡ 2 mod 10.

2. éu��ê k, � µk = {ζik | 0 6 i < k}(Ù¥ ζk = cos 2π
k + i sin 2π

k )´Eê� C
¥ k gü ��¤�¦{+. éu��ê m Ú n, Áy²:

(i) µm ∩ µn = µ(m,n).

(ii) �3�ê a, b ¦� ζ[m,n] = ζamζ
b
n.

3. � D ´�½Ã²�Ïf�ê.

(i) Á¯¤k/X

(
x y
Dy x

)
(Ù¥ x, y ∈ Z)�Ý
8Ü3Ý
�\{Ú¦{¿Â

e´Ä�¤�?

(ii) Á¯¤k/X 1
2

(
x y
Dy x

)
(Ù¥ x, y ∈ Z � x, y ÓÛó)�Ý
8Ü3Ý


�\{Ú¦{¿Âe´Ä�¤�?

4. � X = [0, 1). 3 X þ½Â\{ α⊕ β �¢ê α+ β �©êÜ©.
(i) y² (X,⊕) �C��+.
(ii) �Ñ X �ü � S1 �+Ó�.

5. � a ��knê, k ���ê. y²: k
√
α ´knê��=�é¤k�ê p,

vp(a) ≡ 0 mod k. (5¿ vp(a) = a �Ïf©)¥ p ��g)

6. (i) � p, q �ØÓ�Û�ê, m = pq. y²éu?¿ a ∈ Z, (a,m) = 1,
aϕ(m)/2 ≡ 1 mod m.

(ii) ¦ 2500 mod 2014.
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1. O�K:
(1) ¦ 953 Ú 657 ���úÏf d, ¿¦ u, v ¦� 953u+ 657v = d.
): |^Î=�Ø{.

953 = 657 + 296, 657 = 296× 2 + 65, 296 = 65× 4 + 36,

65 = 36 + 29, 36 = 29 + 7, 29 = 7× 4 + 1,

Ïd (953, 657) = 1, �

1 = 29− 7× 4 = 29− (36− 29)× 4 = 29× 5− 36× 4

= (65− 36)× 5− 36× 4 = 65× 5− 36× 9

= 65× 5− (296− 65× 4)× 9 = 65× 41− 296× 9

= (657− 296× 2)× 41− 296× 9 = 657× 41− 296× 91

= 657× 41− (953− 657)× 91 = 657× 132− 953× 91,

ÏdA)� (u0, v0) = (−91, 132), Ï)� (u, v) = (−91− 657t, 132 + 953t), t ∈ Z.
(2) Á¦

n∑
i=1

i3.

)1: du

(i+ 1)4 − i4 = 4i3 + 6i2 + 4i+ 1,

(n+ 1)4 − 1 = 4

n∑
i=1

i3 + 6

n∑
i=1

i2 + 4

n∑
i=1

i+ n,

Ïd
n∑
i=1

i3 =
1

4

(
(n+ 1)4 − 1− 6

∑
i = 1ni2 − 4

n∑
i=1

i− n)
)

=
1

4

(
(n+ 1)4 − 1− 6

n(n+ 1)(2n+ 1)

6
− 4

n(n+ 1)

2
− n

)
=
n4 + 2n3 + n2

4
.

)2: du

i2(i+ 1)2 − (i− 1)2i2 = 4i3,

Ïd
n∑
i=1

i3 =
1

4

n∑
i=1

(i2(i+ 1)2 − (i− 1)2i2) =
n2(n+ 1)2

4
.

��±|^êÆ8B{.
(3) 3k�� F13 ¥¦ 5 �¦{_�.
du3 F13 ¥, 5× 5 = 25 = −1, Ïd 5−1 = −5 = 8.
(4) ¦)Ó{�§|: {

5x ≡ 4 mod 6,

3x ≡ 2 mod 10.



): ��§�du 
5x ≡ 4 mod 2,

5x ≡ 4 mod 3,

3x ≡ 2 mod 2,

3x ≡ 2 mod 5

= 
x ≡ 0 mod 2,

x ≡ 2 mod 3,

x ≡ −1 mod 5

d¥I�{½n, x ≡ 2× 10− 1× 6 ≡ 14 mod 30.
2. éu��ê k, � µk = {ζik | 0 6 i < k}(Ù¥ ζk = cos 2π

k + i sin 2π
k )´Eê�

C ¥ k gü ��¤�¦{+. éu��ê m Ú n, Áy²:
(1) µm ∩ µn = µ(m,n).

(2) �3�ê a, b ¦� ζ[m,n] = ζamζ
b
n.

y²: (1) d Bezout �ª, �3��ê a, b ∈ Z ¦� an + bm = (m,n), u´é
?¿ x ∈ µm ∩ µn,

x(m,n) = xan+bm = (xn)a(xm)b = 1,

Ïd x ∈ µ(m,n), µm ∩ µn ⊆ µ(m,n). ��, é?¿ x ∈ µ(m,n), x
(m,n) = 1. d

(m,n) | m,n � xm = xn = 1, Ïd µ(m,n) ⊆ µm ∩ µn.
(2) du (m,n)[m,n] = mn, Ïd

1

[m,n]
=

(m,n)

mn
=
an+ bm

mn
=

a

m
+
b

n
,

u´

ζ[m,n] = e
2πi

[m,n] = e
2πia
m + 2πib

n = ζamζ
b
n.

3. � D ´�½Ã²�Ïf�ê.

(1) Á¯¤k/X

(
x y
Dy x

)
(Ù¥ x, y ∈ Z)�Ý
8Ü3Ý
�\{Ú¦{¿

Âe´Ä�¤�?

(2) Á¯¤k/X 1
2

(
x y
Dy x

)
(Ù¥ x, y ∈ Z � x, y ÓÛó)�Ý
8Ü3Ý


�\{Ú¦{¿Âe´Ä�¤�?
)1: (1) �¤. �T8Ü� S. dué?¿ x1, y1, x2, y2 ∈ Z,(

x1 y1
Dy1 x1

)
−
(
x2 y2
Dy2 x2

)
=

(
x1 − x2 y1 − y2

D(y1 − y2) x1 − x2

)
∈ S,(

x1 y1
Dy1 x1

)(
x2 y2
Dy2 x2

)
=

(
x1x2 +Dy1y2 x1y2 + x2y1
D(x1y2 + x2y1) Dy1y2 + x1x2

)
∈ S,(

1 0
0 1

)
∈ S,

Ïd S �¤ M2(R) �f�.
(2) Ø�½. �T8Ü� T , d(1)� T �¤��dué?¿ x1, y1, x2, y2 ∈

1
2Z, x1 + y1, x2 + y2 ∈ Z,(

x1x2 +Dy1y2 x1y2 + x2y1
D(x1y2 + x2y1) Dy1y2 + x1x2

)
∈ T,



= 2(x1x2 +Dy1y2), x1x2 +Dy1y2 + x1y2 + y1x2 ∈ Z. 

x1x2 +Dy1y2 + x1y2 + y1x2 = (x1 + y1)(x2 + y2) + (D − 1)y1y2,

Ïd D − 1 ´4��ê, �d�

2(x1x2 +Dy1y2) = 2x2(x1 + y1) + 2y1(x2 + y2)− 4x2y1 + 2(D − 1)y1y2 ∈ Z.

� T ´���=� D ≡ 1 mod 4.
)2: � S = Z+ Zα, α ∈ C ÷v α2 = aα+ b. é?¿ x1, y1, x2, y2 ∈ Z,

1 ∈ S,

(x1 + y1α)− (x2 + y2α) = (x1 − x2) + (y1 − y2)α ∈ S,
(x1 + y1α)(x2 + y2α) = (x1x2 + by1y2) + (ay1y2 + x2y1 + x1y2)α,

u´ S ´��du����ªf3 S ¥, = a, b ∈ Z.
du (

0 1
D 0

)2

= D

(
1 0
0 1

)
,

(1) ¥�8Ü��éAu S = Z+ Zα, α2 = D, ��±$�. Ïd�¤�.
du (

1
2

1
2

D
2

1
2

)2

=

(
1
2

1
2

D
2

1
2

)2

+
D − 1

4

(
1 0
0 1

)
,

(2) ¥�8Ü��éAu S = Z+ Zα, α2 − α− D−1
4 = 0, ��±$�. Ïd�¤�

��=� D ≡ 1 mod 4.
4. � X = [0, 1). 3 X þ½Â\{ α⊕ β �¢ê α+ β �©êÜ©.
(1) y² (X,⊕) �C��+.
(2) �Ñ X �ü � S1 �+Ó�.
y²: (1) µ45w,. é?¿ x, y, z ∈ X,

0⊕ x = x⊕ 0 = x,

0⊕ 0 = 0, x⊕ (1− x) = 0 XJ x 6= 0,

(x⊕ y)⊕ z = (x+ y − [x+ y])⊕ z
= x+ y + z − [x+ y]− [x+ y + z − [x+ y]]

= x+ y + z − [x+ y]− [x+ y + z] + [x+ y]

= x+ y + z − [x+ y + z],

Ón x⊕ (y ⊕ z) = x+ y + z − [x+ y + z], ùp [ ] L«��. Ïd (X,⊕) �¤+.
(2) �

ϕ : X → S1

x 7→ e2πix,

K´� ϕ ´V�. qÏ� ϕ(x⊕ y) = e2πi(x+y−[x+y]) = e2πi(x+y) = ϕ(x)ϕ(y), Ïd
ϕ ´+Ó�.

5. � a ��knê, k ���ê. y²: k
√
a ´knê��=�é¤k�ê p,

vp(a) ≡ 0 mod k. (5¿ vp(a) = a �Ïf©)¥ p ��g)
y²: d a 6= 0 � k

√
a 6= 0. e k

√
a ´knê, K�±�

k
√
a =

∏
p

pmp ,



u´
a =

∏
p

pkmp ,

vp(a) = kmp ≡ 0 mod k.
��, eé¤k�ê p, vp(a) ≡ 0 mod k, K

k
√
a =

∏
p

pvp(a)/k ∈ Q.

6. (1) � p, q �ØÓ�Û�ê, m = pq. y²éu?¿ a ∈ Z, (a,m) = 1,
aϕ(m)/2 ≡ 1 mod m.

(2) ¦ 2500 mod 2014.
): (1) d¤ê�½n,

ap−1 ≡ 1 mod p, aq−1 ≡ 1 mod q,

du p, q ´Ûê, p− 1, q − 1 ´óê, Ïd

a
(p−1)(q−1)

2 ≡ 1 mod p, a
(p−1)(q−1)

2 ≡ 1 mod q,

du (p, q) = 1, Ïd aϕ(m)/2 ≡ a
(p−1)(q−1)

2 ≡ 1 mod m.
(2) Äk 2014 = 2× 19× 53, ϕ(19× 53) = 2× 468, Ïdd(1)�

2468 ≡ 1 mod 19× 53,

2500 ≡ 232 ≡ 1024× 20482 ≡ 1024× 342 ≡ 34× 17× 34

≡ 1156× 17 ≡ 2312× 8 + 1156 ≡ 298× 8 + 1156 ≡ 1526 mod 2014.
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1 O�K(I{�`²nd)
(1) (½ 1 3õ�ª x2n − nxn+1 + nxn−1 − 1 ¥�":ê.

(2) ¦��

(
1 2 3 4 5 6 7 8
8 7 5 4 6 3 1 2

)
��.

(3) ¦ S30 ¥.� 11223344 �����ê.

(4) �äÓ{�§ x2 ≡ 137 (mod 227) ´Äk).

(5) e+ G ¥�� x ��� 21, K x14 ��´õ�º

(6) � p ´Û�ê, K Fp[x] ¥/X x2 + ax+ b ��gõ�ª¥�kõ��Ø�
�õ�ªº

2 ¦��Ä�Xê�1�ngõ�ª f(x) ∈ Q[x], ¦�§��´õ�ª x3 + 2x2 +
3x− 2 ���²�.

3. (i) éÑ F2[x] �¤k�gØ��õ�ª.
(ii) 3 F2[x] ¥©)õ�ª x5 − x− 1.
(iii) y²õ�ª x5 − x− 1 3 Q[x] ¥�Ø��õ�ª.

4. éun = 2, 3, 4 Ú 5, ©O�ä·K

e+ G Ú H ÷v |G| = |H| = n, K G � H ´Ó��+.

´Ä�(, ¿y²\�(Ø.

5. éuk�+ G, � d(G) ´�����ê s ¦�é?¿ g ∈ G, gs = 1. y²µ
(i) d(G) ´ |G| �Ïf, §�u G ¥¤k������ú�ê.
(ii) XJ G ´C��+, K G ¥�3���� d(G).
(iii) k�C��+ G �Ì�+��=� d(G) = |G|.
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