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1. 8Ü���

8Ü�)k�8ÚÃ�8, Ã�8q�)�êk�8ÚØ�êk�8. �´U�
Z Uïá��éA�¡��ê8. ~X Z,Q,Zn Ñ´�ê8Ü,  R,C,Rn Ñ´Ø
�ê8Ü. 8Ü�Äê, ´^5£ã8Ü����, ��P� |A| ½ card(A). |^
�y{�±y²8Ü��8o´'g��, AO/, |P (Z)| = |R|. ,
Öþ�ê8
�½Â¬�¹k�8.

1.5. 5¿8Ü���Vg, Ã�Ø�u�ê.
du X ´Ã�8, Y ⊆ X k�, Ïd X − Y Ã�. � Y = {a1, . . . , ak}. �

X − Y ¥�GüüØÓ��� ak+1, . . . , an, . . . (�±^êÆ8B{), P A =
{ak+1, . . . , an, . . .}, -

ϕ : X − Y → X

x 7→

{
an−k, e x = an ∈ A;

x, ex /∈ A.

N´�y ϕ ´V�.
1



2. 'X�½Â�n)

�o´'X? � A ´��8Ü, R ⊆ A × A ¡� A þ¡���'X. ��'X
o´½Â3��8Üþ, Ò���N�o´½Â3ü�8Ü�m. Ï ≥ ¿Ø´�
�'X, XÓ f : x 7→ x2 ¿Ø´��N�. 'X�½Â¿Ø�¦k�o¢S�¿Â,
?¿�� A×A �f8, �)�8, Ñ´Ùþ���'X. ~f:

• A �?¿8Ü, R = ∅ ÷vé¡5, D45, �Ø÷vg�5.
• A = R, R = {(a, b) | a, b ∈ A, a > b}, ÷vD45.
• A = R, R = {(a, b) | a, b ∈ A, a ≥ b}, ÷vg�5, D45.
• A = R, R = {(a, b) | a, b ∈ A, a 6= b}, ÷vé¡5.
• A = {R2 ¥¤k�� }, R = {(a, b) ∈ A | a//b}, ÷vé¡5.
• A = {R2 ¥¤k�� }, R = {(a, b) ∈ A | a Ú b kú�: }, ÷vg�5,
é¡5.

• A = { ¤k2�¢�þ }, R = {(a, b) ∈ A | a//b}, ÷vg�5, é¡5.
• A = Z>0, R = {(a, b) ∈ A | a �Ø b}, ÷vg�5, D45.

1.7. �ù�'X� ∼. é?¿ a ∈ A, �3 b ∈ A, ¦� a ∼ b. dé¡5 b ∼ a, d
D45 a ∼ a. Ïd ∼ ÷vg�5, ∼ ´�d'X.

3. ¦ÚÒ
∑
�¦^

5¿
∑
��I´vk¢S¿Â�, �Ò´`, �I^ i �´ j L«��þÑ´

���.

1.11(4).

n∑
i=1

n∑
j=1

(i+ j)2 =

n∑
i=1

n∑
j=1

(i2 + 2ij + j2)

=

n∑
i=1

i2
n∑
j=1

1 + 2

n∑
i=1

i

n∑
j=1

j +

n∑
i=1

1

n∑
j=1

j2

=2n× n(n+ 1)(2n+ 1)

6
+ 2(

n(n+ 1)

2
)2

=
n2(n+ 1)(2n+ 1)

3
+
n2(n+ 1)2

2
=
n2(n+ 1)(7n+ 5)

6

½ö

n∑
i=1

n∑
j=1

(i+ j)2 =

n∑
k=1

(k − 1)k2 +

2n∑
k=n+1

(2n+ 1− k)k2

=

n∑
k=1

(k − 1− 2n− 1 + k)k2 +

2n∑
k=1

(2n+ 1− k)k2

=2

n∑
k=1

k3 − 2(n+ 1)

n∑
k=1

k2 + (2n+ 1)

2n∑
k=1

k2 −
2n∑
k=1

k3

=
n2(n+ 1)2

2
− n(n+ 1)2(2n+ 1)

3
+
n(2n+ 1)2(4n+ 1)

3
− n2(2n+ 1)2

=
7

6
n4 + 2n3 +

5

6
n2



2.1. �K�¿´�y² 2× 2 �Ý
¦{÷v(ÜÆ.
� A = (aij)n×m, B = (bij)m×s, C = (cij)s×t �3�Ý
, � AB = (dij)n×s,

BC = (eij)m×t. KdÝ
¦{,

dik =

m∑
j=1

aijbjk, ejl =

s∑
k=1

bjkckl,

(AB)C � (i, l) ©þ =

s∑
k=1

dikckl =

s∑
k=1

m∑
j=1

aijbjkckl

=

m∑
j=1

s∑
k=1

aijbjkckl =

m∑
j=1

aijejl = A(BC) � (i, l) ©þ.

Ïd, Ý
¦{÷v(ÜÆ.

4. +����y

y²��8Üþ���$��¤+, I��y����k3^. �´~~·�I�
Äk�y$��µ45, �Ò´�y§(¢´����$�.
du�þ®�+��3, ·�~~�±r¯Kz�y²Ù´,��+�f+, ù

��±!��þ��m.
���/��+aq.

2.7. (1) ÄkN´wÑ X4Y = Y4X.

(X4Y )4Z =
(
((X ∩ Y c) ∪ (Xc ∩ Y )) ∩ Zc

)
∪
(
((X ∩ Y c) ∪ (Xc ∩ Y ))c ∩ Z

)
= (X ∩ Y c ∩ Zc) ∪ (Xc ∩ Y ∩ Zc) ∪

(
((Xc ∪ Y ) ∩ (X ∪ Y c)) ∩ Z

)
= (X ∩ Y c ∩ Zc) ∪ (Xc ∩ Y ∩ Zc) ∪ (Xc ∩ Y c ∩ Z) ∪ (X ∩ Y ∩ Z),

Ïd

X4(Y4Z) = (Z4Y )4X
= (Z ∩ Y c ∩Xc) ∪ (Zc ∩ Y ∩Xc) ∪ (Zc ∩ Y c ∩X) ∪ (Z ∩ Y ∩X)

= (X4Y )4Z.

(ÜÆ÷v.
(2)

∅4X = X4∅ = (X ∩A) ∪ (Xc ∩ ∅) = X.

Ïd ∅ ´N�.
(3)

X4X = (X ∩Xc) ∪ (Xc ∩X) = ∅.
Ïd?¿��k_.
Ïd·K�y.

2.9. (1) � yi(x) = aix+bi
cix+di

, i = 1, 2, K

(y1 ◦ y2)(x) =
a1y2(x) + b1
c1y2(x) + d1

=
a1(a2x+ b2) + b1(c2x+ d2)

c1(a2x+ b2) + d1(c2x+ d2)

=
(a1a2 + b1c2)x+ a1b2 + b1d2
(c1a2 + d1c2)x+ c1b2 + d1d2

,



(a1a2+b1c2)(c1b2+d1d2)−(a1b2+b1d2)(c1a2+d1c2) = (a1d1−b1c1)(a2d2−b2c2) 6= 0,

ÏdT8Ü'u¼êEÜµ4.
w,¼êEÜ÷v(ÜÆ, ð�N� id(x) = x ´N�.
- z(x) = dx−b

−cx+a , K

(y ◦ z)(x) = (z ◦ y)(x) = x.

Ïd z ´ y �_.
�T8Ü�¤+.
(2) - G �ù��¼ê�N,

H = {A ∈ GL2(R) | detA = ±1}.

KN´wÑé?¿ A,B ∈ H, det(AB−1) = ±1, AB−1 ∈ H, � H 6 GL2(R). -

ϕ : H → G

A =
(
a b
c d

)
7→ y, y(x) =

ax+ b

cx+ d
.

é?¿ y ∈ G, y(x) = ax+b
cx+d , - α =

√
|ad− bc|, A = α−1

(
a b
c d

)
, K A ∈ H �

ϕ(A) = y. Ïd ϕ ´÷�. ϕ w,´ü�, l´��éA.

XJ
(
x′

y′
)

= A
( x
y

)
,K x′/y′ = ϕ(A)(x/y). Ïd�

( x1
y1

)
= A

(
x
1

)
,
( x2
y2

)
= B

( x1
y1

)
,

K ϕ(A)(x) = x1/y1,

ϕ(B)(ϕ(A)(x)) = ϕ(B)(x1/y1) = x2/y2 = ϕ(BA)(x),

Ïd ϕ �±ü>���$�. du H ´+, Ïd G ´+.

2.4. (3) du (
a1 b1
0 c1

)(
a2 b2
0 c2

)−1
=
( a1a−1

2 (a2b1−a1b2)a−1
2 c−1

2

0 c1c
−1
2

)
,

ÏdT8Ü´ GL2(R) �f+.

2.5. � x ∈ µn, y ∈ µm, K

(xy−1)mn = (xn)m(ym)−n = 1m−n = 1.

Ïd xy−1 ∈ µmn, ∪n≥1µn ´ C× �f+.

2.10. � a1, b1, a2, b2 ∈ Z, K

(a1 + b1
√

2)− (a2 + b2
√

2) = (a1 − a2) + (b1 − b2)
√

2 ∈ Z(
√

2),

Ïd Z(
√

2) ´ R �\{f+.

qÏ� 1 ∈ Z(
√

2),

(a1 + b1
√

2)(a2 + b2
√

2) = (a1a2 + 2b1b2) + (a1b2 + a2b1)
√

2 ∈ Z(
√

2),

Ïd Z(
√

2) ´ R �f�.

5: ò
√

2 U¤
√
d ��¤�, Ù¥ d ∈ Z.



2.8. � a1, b1, a2, b2 ∈ Q, K

(a1 + b1
√

2)− (a2 + b2
√

2) = (a1 − a2) + (b1 − b2)
√

2 ∈ Q(
√

2),

Ïd Q(
√

2) ´ R �\{f+.

qÏ� 1 ∈ Q(
√

2), �e a2 + b2
√

2 6= 0,

a1 + b1
√

2

a2 + b2
√

2
=

(a1a2 − 2b1b2) + (−a1b2 + a2b1)
√

2

a22 − 2b22
∈ Q(

√
2),

Ïd Q(
√

2) ´ R �f�.

5: ò
√

2 U¤
√
d ��¤�, Ù¥ d ∈ Q.

2.17. (1) - R = {x+y
√
−3

2 | x, y ∈ Z, x+ y ´óê}, K

x1 + y1
√
−3

2
− x2 + y2

√
−3

2
=

(x1 − x2) + (y1 − y2)
√
−3

2
,

� (x1 − x2) + (y1 − y2) = (x1 + y1)− (x2 + y2) ´óê. Ïd R ´ C �\{f+.

1 = 2+0
√
−3

2 ∈ G.

x1 + y1
√
−3

2
· x2 + y2

√
−3

2
=
x1x2 − 3y1y2

4
+
x1y2 + x2y1

4

√
−3,


x1x2 − 3y1y2 = (x1 + y1)x2 − y1(x2 + y2)− 2y1y2,

x1y2 + x2y1 = (x1 + y1)y2 − y1(x2 + y2)

Ñ´óê, Ïd x1x2−3y1y2
2 , x1y2+x2y1

2 ∈ Z.
q

x1x2 − 3y1y2
4

+
x1y2 + x2y1

4
=
x1 + y1

2
· x2 + y2

2
− y1y2 ∈ Z,

Ïd x1x2−3y1y2
4 + x1y2+x2y1

4

√
−3 ∈ R. l R ´ C �f�.

(2) -T8Ü� S, Ù{Ñ.
(3) -

ϕ : R→ S, ϕ(
x+ y

√
−3

2
) =

1

2

( x1 y1
−3y1 x1

)
.

�yü�/÷�/Ó�=�.

¢Sþ, R = Z + Zα = Z[α], α = 1+
√
−3

2 . Ón, éu?¿Ã²�Ïf�"�ê

d ≡ 1 mod 4, þk� Z[ 1+
√
d

2 ] (SK).

2.18. PT8Ü� R, N´wÑù�8Ü'u\{�¤C��+. qÏ� 1 ∈ R, �
n1∑

k=m1

(ak cos kx+ bk sin lx)

n2∑
l=m2

(a′l cos lx+ b′l sin lx)

=

n1∑
k=m1

n2∑
l=m2

(aka
′
l cos kx cos lx+ akb

′
l cos kx sin lx

+ bka
′
l sin kx cos lx+ bkb

′
l sin kx sin lx).

du
cos kx cos lx = (cos(k + l)x+ cos(k − l)x)/2

cos kx sin lx = (sin(k + l)x− sin(k − l)x)/2

sin kx sin lx = (− cos(k + l)x+ cos(k − l)x)/2



ÏdTª�ª�±z¤ sin tx Ú cos tx ��5|Ü, �Ò´`, R 'u¦{µ4, �
¤¢¼ê�N��f�.

2.7′. � A ´8Ü, K (P (A),4,∩) ´�. e A � n �k�8, KT�Ó�u Fn2 .
3�öS.

2.4. �ä��·K´��, �I�ÞÑ�~=�.
(1) du

(
1 0
0 2

)(
0 1
1 0

)
=
(
0 1
2 0

)
, ÏdT8Ü'u¦{Øµ4, Ø�¤+.

(2) du
(
0 1
0 0

)(
0 0
1 0

)
=
(
1 0
0 0

)
, ÏdT8Ü'u¦{Øµ4, Ø�¤+.

(3) duþn��
'u¦{µ4, �_Ý
�¦È�´�_Ý
, ÏdT8Ü'
u¦{ÚÝ
�_µ4, Ïd�¤ GL2(R) �f+.

(4) du
(
2 0
0 1

)
3ù�8Ü¥vk_, ÏdT8ÜØ�¤+.

2.2. � f : R2 → R2 �²¡þ��åN�. e f(x) = f(y), K d(x, y) =
d(f(x), f(y)) = 0, x = y, Ïd f ´ü�. ùp d(x, y) L« x � y �ål.
?�²¡þü�ØÓ�: A Ú B, K f(A) 6= f(B). éu²¡þ?¿�: D,

d(D, f(A)) + d(D, f(B)) ≥ d(f(A), f(B)) = d(A,B) ≥ |d(D, f(A))− d(D, f(B))|,

Ïd± A Ú B��%, d(D, f(A)) Ú d(D, f(B)) ��»�ü����u E =
E1, E2 ½��u E. ù
�:½�:�� E′ ÷v d(E′, f(A)) = d(E,A) =
d(D, f(A)), d(E′, f(B)) = d(D, f(B)), Ïd�o E′ = D, �o E′ � D 'u AB
�é¡: D′, o� f({E1, E2}) ⊂ {D,D′} ½ f(E) = D. e´1�«�/, du f
´ü�, Ïd f(E1) ½ f(E2) = D. � f ´÷�. w,�åN��EÜ�´�åN
�. duN�÷v(ÜÆ, Ïd�åN��÷v(ÜÆ. ü ��ð�N�. �åN
� f �_N� f−1 ��å. Ïd¤k�åN�3EÜ¿Âe�¤+.

5. �âÄ�½n

�âÄ�½n��3�y
|^�ê©)5O�ÃXúÏf!ú�ê!Ïf�
�'O�.

3.4. (1) � a =
∏
p
pvp(a), b =

∏
p
pvp(b), K

vp((a
n, bn)) = min{nvp(a), nvp(b)} = nmin{vp(a), vp(b)}

= nvp((a, b)) = vp((a, b)
n),

Ïd (an, bn) = (a, b)n.
(2) � a =

∏
p∈S

pvp(a), b =
∏
q∈T

qvq(b), � S ∩ T = ∅.

cn = ab =
∏
p∈S

pvp(a)
∏
q∈T

qvq(b),

Ïd vp(a) Ú vq(b) ´ n ��ê, � a, b Ñ´��ê� n g��. � a = sn, b =
tn, s, t > 0, K (s, t) = 1, st = c,

a = sn = (a, c)n, b = tn = (b, c)n.

��/, e a1, . . . , ak üüp��
k∏
j=1

aj = cn, Ké?¿ 1 ≤ i ≤ k, ai �
∏
j 6=i

aj p

�, Ïd ai ´ n g��.



3.12. (1) � n =
∏
p
pvp(n), K σ0(n) =

∏
p

(1 + vp(n)). Ïd n ´��²�ê�du

vp(n) �´óê, = σ0(n) ´Ûê.

(2) é?¿�ê p, ·��Ä f(v) =
√
pv

v+1 ����, Ù¥ v ´g,ê. du

f(v) ≤ f(v − 1) ⇐⇒
√
pv

v + 1
≤
√
pv−1

v
⇐⇒ v ≤ 1

√
p− 1

,

f(v) ≤ f(v + 1) ⇐⇒ 1
√
p− 1

≤ v + 1,

Ïd

min
v∈N

f(v) = f([
1

√
p− 1

]) =


f(2) = 2

3 , e p = 2;

f(1) =
√
3
2 , e p = 3;

f(0) = 1, e p ≥ 5,

ùp [ ] L«��.
� √

n

σ0(n)
=
∏
p

√
pvp(n)

vp(n) + 1
≥ 2

3
×
√

3

2
=

1√
3
,

σ0(n) ≤
√

3n ≤ 2
√
n+ 1.

¢Sþ, ·�^ù«�{��

√
n

σ0(n)
��Z�O.

SK: }Á�Ñ n1/3

σ0(n)
��Z�O.

(3) ∏
0<d|n

d =
∏
p

(

vp(n)∏
i=0

pi)
σ0(n)

vp(n)+1

=
∏
p

p
σ0(n)vp(n)

2

= n
σ0(n)

2 .

ù�K�kÙ§){.

σ0(n) =
∑

0<d|n

1

=
∑

0<d|n,d<
√
n

1 +
∑
√
n<d|n

1 +
∑
√
n|n

1

=
∑

0<d|n,d<
√
n

1 +
∑

0<n
d |n,

n
d<
√
n

1 +
∑
√
n|n

1

= 2
∑

0<d|n,d<
√
n

1 +
∑
√
n|n

1

≤ 2
√
n+ 1,

� σ0(n) ´Ûê�du
√
n | n, = n ´��²�ê.

(
∏

0<d|n

d)2 =
∏

0<d|n

d
∏

0<n
d |n

d =
∏

0<d|n

d
∏

0<d|n

n

d
=
∏

0<d|n

n = nσ0(n),



� n ���ê�È�u n
σ0(n)

2 .

6. �5Ø½�§�Ó{�§

�5Ó{�§��þ^��nØ´Bezout�ª!¥I�{½n!î.½n!¤
ê�½n, �²~^�îAp��{£Î=�Ø{¤.

3.6. dBezout�ª, �3�ê x0, y0 ÷v ax0 + by0 = (a, b) = 1, u´ (nx0, ny0)
´ ax + by = n ��|A), Ï)� (nx0 − bt, ny0 + at), t ∈ Z. �k�{Ø{
nx0 = bq + r, 0 ≤ r ≤ b− 1, - s = ny0 + aq, K ar + bs = n, �

s =
n− ar
b

>
ab− a− b− a(b− 1)

b
= −1,

� s ≥ 0, (r, s) ´ ax+ by = n ��|�K�ê).
e n = ab−a−b = a(b−1)−b,K ax+by = n�Ï)� (b−1−bt,−1+at), t ∈ Z.

eT)�K, K 1 > b−1
b ≥ t ≥

1
a > 0, ùØ�U, Ïd ax+ by = n Ã�K�ê).

4.8(2).

60 = 37 + 23, 37 = 23 + 14, 23 = 14 + 9, 14 = 9 + 5, 9 = 5 + 4, 5 = 4 + 1,

1 = 5− 4 = 5− (9− 5) = 2× 5− 9 = 2× (14− 9)− 9 = 2× 14− 3× 9

= 2× 14− 3× (23− 14) = 5× 14− 3× 23 = 5× (37− 23)− 3× 23

= 5× 37− 8× 23 = 5× 37− 8× (60− 37) = 13× 37− 8× 60,

x ≡ −8× 60x ≡ −8× 7 ≡ 18 (mod 37).

½ö

x ≡ 7

60
≡ 7

−14
≡ 1

−2
≡ −36

−2
≡ 18 (mod 37).

7. �êp�

3.2. (n+1)!+1 = (n+1)(n!+1)−n, n!+1 = n×(n−1)!+1,Ïd ((n+1)!+1, n!+1) =
1.

3.3. � d = (2m − 1, 2n + 1), K

2mn ≡ (2m)n ≡ 1

≡ (2n)m ≡ (−1)m ≡ −1 (mod d),

l d | 2, �´ 2m − 1 ´Ûê, Ïd d = 1.
,y: Äk|^Î=�Ø{y² (2x − 1, 2y − 1) = 2(x,y) − 1, u´

(2m − 1, 2n + 1)(2m − 1, 2n − 1) = (2m − 1, 22n − 1) = 2(m,2n) − 1

= 2(m,n) − 1 = (2m − 1, 2n − 1),

Ïd (2m − 1, 2n + 1) = 1.



3.9. (1) e m Ø� 2 ���, K�3�u1�Ûê d | m, u´ 2m/d + 1 ´ 2m + 1
�ýÏf, l 2m + 1 Ø´�ê.

(2) du Fm − 2 = 22
m − 1 = (22

m−1

+ 1)(22
m−1 − 1) = Fm−1(Fm−1 − 2), Ïd

Fm − 2 = (Fn − 2)

m∏
k=n

Fk,

Fn | Fm − 2.
(3) (Fm, Fn) = (Fm − (Fm − 2), Fn) = (2, Fn) = 1.

3.10. aquSK3.9.

3.8. du n!− 1 Ú 1, 2, . . . , n p�, Ïd�3�ê p | n!− 1, � n < p < n!, ·K
�y.
ùp� n! − 1 �±�¤ p1 · · · pk − 1, Ù¥ p1, . . . , pk � 1, . . . , n ¥�¤k�ê.

XÓy²�ê�êÃ�¥ò p1 · · · pn + 1 �¤ pn! + 1 ��.
e�ê�êk�, ����� n, K n � n!− 1 �m�3�ê, gñ! Ïd�ê�

êÃ�.
½öd 3, 3!, (3!)!, ((3!)!)!, . . . üü�m�3�ê��ê�êÃ�.

8. �ê�Ó{5�

|^Ó{�ÎÒ·��±×����1O��ê�{ê��{.

4.2. � n =
k∑
i=0

ai × 10i, 0 ≤ ai ≤ 9, K

T (n) =

k∑
i=0

ai × (−1)i ≡
k∑
i=0

ai × 10i = n (mod 11).

aq/, ·�éN´��

n ≡
k∑
i=0

ai (mod 9),

n ≡ a0 (mod 2) ½ (mod 5),

n ≡ a2a1a0 − a5a4a3 + a8a7a6 − a11a10a9 + · · · (mod 7× 11× 13).

4.4. (1)

n2 ≡ 02, (±1)2 ≡ 0, 1 (mod 3),

(2k)2 ≡ 0 (mod 4), (4k ± 1)2 ≡ 1 (mod 4),

n2 ≡ 02, (±1)2, (±2)2 ≡ 0,±1 (mod 5).

(2)

(3k)3 ≡ 0 (mod 9), (3k ± 1)3 = 27k3 ± 27k2 + 9k ± 1 ≡ ±1 (mod 9),

(2k)4 = 16k4 ≡ 0 (mod 16), (4k ± 1)4 ≡ ±4× 4k + 1 ≡ 1 (mod 16).



4.5. (1) êÆ8B{. n = 1 �, � a = 4k ± 1, a2 = (4k ± 1)2 = 16k2 ± 8k + 1 ≡ 1
(mod 8). e a2

n ≡ 1 (mod 2n+2), � a2
n

= 1 + 2n+2k, K

a2
n+1

= (1 + 2n+2k)2 = 1 + 2n+3k + 22n+4k2 ≡ 1 (mod 2n+3).

ÏddêÆ8B{��·K¤á.
(2) du

a2
n

− 1 = (a− 1)

n−1∏
k=0

a2
k+1 − 1

a2k − 1
= (a− 1)

n−1∏
k=0

(a2
k

+ 1).

du a − 1 Ú a2
k

+ 1 Ñ´óê, � a − 1 Ú a + 1 k��´4��ê, Ïdm>´
2n+2 ��ê, = a2

n ≡ 1 (mod 2n+2).

9. î.¼ê

î.½nû½
î.¼ê3Ó{¥���^.

4.6. (1) � 1 ≤ a ≤ n− 1. XJ (a, n) = 1, K (n− a, n) = (−a, n) = (a, n) = 1. -

A = {a | 1 ≤ a < n

2
, (a, n) = 1},

B = {a | n
2
< a ≤ n, (a, n) = 1} = {n− a | a ∈ A},

C = {a | a =
n

2
, (a, n) = 1},

K
ϕ(n) = |A|+ |B|+ |C| = 2|A|+ |C|.

e C ��, K n ´óê, � 1 = (n2 , n) = n
2 , n = 2, � n ≥ 3 gñ. Ïd C = ∅,

ϕ(n) ´óê. ½ö: e n kÛ�Ïf p, � pα||n. � n = pαm, K

ϕ(n) = ϕ(pα)ϕ(m) = pα−1(p− 1)ϕ(m).

du p− 1 ´óê, Ïd ϕ(n) ´óê. e n vkÛ�Ïf, K n = 2k, k ≥ 2, ϕ(n) =
2k−1 ´óê.

(2) d= ∑
a∈A∪B

a =
∑
a∈A

a+
∑
a∈A

(n− a) =
∑
a∈A

n = n|A| = 1

2
nϕ(n).

4.12.
ϕ(360) = ϕ(23 × 32 × 5) = 22 × 3× (3− 1)× (5− 1) = 96.

ϕ(429) = ϕ(3× 11× 13) = (3− 1)(11− 1)(13− 1) = 240.

4.13. du ϕ(100) = ϕ(22 × 52) = 2 × 5 × (5 − 1) = 40, dî.½n 340 ≡ 1
(mod 100), Ïd 3400 ≡ 1 (mod 100). ¢Sþdu ϕ(25) = 20, ϕ(4) = 2, Ïdé?
¿ (a, 10) = 1, a20 ≡ 1 (mod 25) � a20 ≡ 1 (mod 4), � a20 ≡ 1 (mod 100). d=
SK4.15.

4.14. du
mϕ(n) ≡ 1 (mod n), nϕ(m) ≡ 1 (mod m),

Ïd
mϕ(n) + nϕ(m) ≡ 1 (mod n), mϕ(n) + nϕ(m) ≡ 1 (mod m),

l
mϕ(n) + nϕ(m) ≡ 1 (mod mn).



10. õ�ª�îª�{

5.2(2).

x7 + 1 = (x6 + x5 + x4 + 1)(x+ 1) + x4 + x,

x6 + x5 + x4 + 1 = (x4 + x)(x2 + x+ 1) + x3 + x2 + x+ 1,

x4 + x = (x3 + x2 + x+ 1)(x+ 1) + x+ 1,

x3 + x2 + x+ 1 = (x+ 1)(x2 + 1),

Ïd (f, g) = x + 1. ¢SO��, �±3úv�þ|^aqO�Ø{��Øª5O
�õ�ª�Ø.

5.5(2). ·���Ïé v(x), ¦� v(x)(1− x)n − 1 ´ xm ��ê, Ïd·��±�
� v(x)(1 − x)n ´ xm �õ�ª, �´ (1 − x)n ��ê, ~X� (1 − xm)n. �

v0(x) = (1−xm)n

1−xn ∈ Q[x], K

u0(x) = − (1− xm)n − 1

xm
=

n−1∑
i=0

(
n

i+ 1

)
(−xm)i ∈ Q[x].

Ïd (u0, v0) ´��§��|A), Ï)�
u(x) = (1− x)nf(x) +

n−1∑
i=0

(
n

i+ 1

)
(−xm)i

v(x) = −xmf(x) +
(1− xm)n

1− xn
,

f(x) ∈ Q[x].

11. ":�ê

5.8. du f ′(x) =
∑n−1
k=0

xk

k! ,

(f(x), f ′(x)) = (

n∑
k=0

xk

k!
,

n−1∑
k=0

xk

k!
) = (xk,

n−1∑
k=0

xk

k!
) = 1,

Ïd f(x) Ã�.

5.9. - f(x) = x2n − nxn+1 + nxn−1 − 1, K

f(1) = 1− n+ n− 1 = 0,

f ′(1) = 2nx2n−1 − n(n+ 1)xn + n(n− 1)xn−2|x=1

= 2n− n(n+ 1) + n(n− 1) = 0,

f ′′(1) = 2n(2n− 1)x2n−2 − n2(n+ 1)xn−1 + n(n− 1)(n− 2)xn−3|x=1

= 2n(2n− 1)− n2(n+ 1) + n(n− 1)(n− 2) = 0,

f ′′′(1) = 2n(2n− 1)(2n− 2)x2n−3 − n2(n+ 1)(n− 1)xn−2

+ n(n− 1)(n− 2)(n− 3)xn−4|x=1

= 2n(n2 − 1) 6= 0,

Ïd 1 ´ f �3":.



5.10. du�þ 2,3 gõ�ªØ����=�§3�þvk":, Ïd·��
f(x) = x2 + ax+ b ∈ F2[x] Ø��, K

f(0) = b 6= 0, f(1) = 1 + a+ b 6= 0,

u´ b = 1, a = 1, f(x) = x2 + x+ 1. aq/, � f(x) = x3 + ax2 + bx+ c ∈ F2[x]
Ø��, K

f(0) = c 6= 0, f(1) = 1 + a+ b+ c 6= 0,

u´ c = 1, a 6= b, f(x) = x3 + x2 + 1, x3 + x + 1. Ón, � F3 þ¡�2,3gÄ�Ø
��õ�ª�

x2 + 1, x2 ± x− 1,

x3 − x± (x2 + 1), x3 − x± 1,

x3 + x± (x2 − 1), x3 ± (x2 − 1).

5.12. � g(x) = xf(x) − 1, K deg g = p − 1 � g(1) = g(2) = · · · = g(p − 1) =
0, g(0) = −1, Ïd

g(x) = a

p−1∏
i=1

(x− i) = a(xp−1 − 1),

−1 = g(0) = −a,
u´ a = 1, g(x) = xp−1 − 1, f(x) = xp−2.

12. +¥����

6.1. O���

A2 =

(
−1 0
0 −1

)
, A4 = I,

B2 =

(
−1 −1
1 0

)
, B3 = I,

Ïd A,B ��©O� 4, 3. du AB =

(
1 1
0 1

)
, 8B��

(AB)n =

(
1 n
0 1

)
,

Ïd AB ���Ã¡�. du BA =

(
1 0
−1 1

)
, 8B��

(BA)n =

(
1 0
−n 1

)
,

Ïd BA ���Ã¡�.

6.4. � xk ��� d, K xkd = 1, Ïd

n | kd, [n, k] | kd, [n, k]

k
| d.

,��¡, (xk)
[n,k]
k = x[n,k] = 1, Ïd d = [n,k]

k .



6.12. du
ak = 1 ⇐⇒ a−k = 1 ⇐⇒ (a−1)k = 1,

Ïd a � a−1 ���Ó. du

(ab)k = 1 ⇐⇒ a(ba)k−1b = 1 ⇐⇒ ba(ba)k−1 = 1 ⇐⇒ (ba)k = 1,

Ïd ab � ba ���Ó.

6.8. Äk·�y², XJ (I + pX)q = I, @o X = 0, Ù¥ q ´���ê. bX
X 6= 0. � X �©þ´ pt−1 ��ê�Ø�´ pt ��ê, @o�3 Z ∈M2(Z), X =
pt−1Z. XJ p = q,

I = (I + pX)p = (I + ptZ)p = I + pt+1Z +

p∑
i=2

(
p

i

)
(ptZ)i = I + pt+1Z + pt+2Y,

Ù¥ Y ∈M2(Z); XJ p 6= q,

I = (I + pX)q = (I + ptZ)q = I + qptZ +

q∑
i=2

(
q

i

)
(ptZ)i = I + qptZ + pt+1Y,

Ù¥ Y ∈ M2(Z), Ïdok Z �©þÑ´ p ��ê, ùØ�U! ¤± X = 0. £
��K, du I + pX �?¿�êg�Ñ´ I + pY �/ª, Ïde I + pX ���
d > 1, @o�3�ê q | d, u´

((I + pX)
d
q )q = I =⇒ (I + pX)

d
q = I,

ù� d ���5gñ! Ïd I + pX = I,X = 0.
ùK��±^A�õ�ª5�. du

det(I + pX) = I + pTrX + p2 det(X),

Ïd p | TrX, p2 | (Tr(I + pX) − 2). du I + pX �k�, §�A��´ü �
α, ᾱ, éA�õ�ª� λ2 − 2Re(α)λ+ 1 = 0, u´

−2 ≤ Re(α) ≤ 2, −4 ≤ Tr(I + pX)− 2 ≤ 0,

 p2 | (Tr(I + pX)− 2), Ïd Tr(I + pX) = 2, α = 1, I + pX = I.

6.18. (1) w, d(G) ´ G ¥¤k������ê, Ïd´§�����ú�ê d
��ê.  gd = 1,∀g ∈ G. Ïd d(G) = d, d(G) | |G|.

(2) � d(G) =
t∏
i=1

pkii , @od��ú�ê�½Â, �3�� xi, §���¹Ïf

pkii , u´ xi �,�g� yi ��TÐ� pkii . éu G¥ü��� a, b, ¦��� m,n
p�, @o 1 = (ab)k = akbk ��=�

ak = b−k, akn = bkn = 1, bkm = akm = 1,m | k, n | k,mn | k,
Ïd ab ��� mn. u´ y1 · · · yt ��� d(G).

(3) d(1)�XJ G ´Ì�+, �3 g ∈ G ��� |G|, u´ d(G) = |G|. d(2)�
XJ d(G) = |G|, @o�3�� g ∈ G ��� |G|, u´ G ´Ì�+.

13. k�+���È

6.5. � A = {a ∈ G | a2 = 1}, B = G− A, Ké?¿ b ∈ B, b 6= b−1, Ïd B �±
©��
 {bi, b−1i } �Ã�¿. u´∏

g∈G
g =

∏
a∈A

a
∏
i

bi · b−1i =
∏

a∈G,a2=1

a.



6.6. (1)� x2 ≡ 1 mod pk,K pk | (x+1)(x−1),du (x+1, x−1) = (x+1, 2) | 2,
¤± pk | x+ 1 ½ x− 1, x ≡ ±1 mod p. Ïd (Z/pkZ)× �k��2�� −1.

(2) dSK6.5Ú(1)á�.
(3) 3(2)¥� k = 1 =�.

6.7. (1) � m =
k∏
i=1

pvii . XJ x2 ≡ 1 mod m, K

x2 ≡ 1 mod pvii , x ≡ ±1 mod pvii .

éuz� i, ÀJ +1 ½ −1 kü«�{, ��k 2k ¥�{, ©OéA x mod m �
2k �ØÓ�). Ïd (Z/mZ)× k 2k − 1 �2 ��.

(2) � x ∈ Z ¦� x mod m �¤k2���È, K

x ≡ (−1)2
k−1

≡ 1 mod pvii ,

Ïd x ≡ 1 mod m, =¤k2���È�1.
½ö: e x2 = 1, K (−x)2 = 1, �du m ´Ûê, x 6= −x. u´¤k2���È

� ∏
x

x× (−x) = (−1)2
k−1

= 1.

14. k�)¤

6.15. b� Q dk�� pi
qi
, 1 ≤ i ≤ k )¤. � M = q1 · · · qk, K M pi

qi
∈ Z, u´§

�)¤��� x �÷v Mx ∈ Z, �´XJ

1

2M
=

k∑
i=1

λi
pi
qi
,

1

2
=

k∑
i=1

λi
piM

qi
∈ Z,

gñ! Ïd Q Ø´k�)¤�.

6.16. � G ´ S1 ��� n �f+, Ké?¿ g ∈ G, gn = 1, u´ G 6 µn = {z ∈
C | zn = 1}. �´ µn ����´ n, Ïd G = µn = 〈e 2πi

n 〉 ´Ì�+.

15. ��+Ú��+

7.1. Ï����±w¤´��k�8Üþ�N�, ¤±�^��ÿ´lm ��.

σ = (456)(567)(71) = (16)(45).

7.3. σ = (23)(412) = (1324), σ(f)(x1, x2, x3, x4) = f(x3, x4, x2, x1).



7.4. � G 6 S3, K |G| | |S3| = 6, |G| = 1, 2, 3, 6.
(1) XJ |G| = 1, G = {1}; XJ |G| = 6, G = S3.
(2) XJ |G| = 2, G = {1, (12)}, {1, (13)}, {1, (23)}.
(3) XJ |G| = 3, G = {1, (123), (132)}.
� G 6 A4, K |G| | |A4| = 12, |G| = 1, 2, 3, 4, 6, 12.
(1) XJ |G| = 1, G = {1}; XJ |G| = 12, G = A4.
(2) XJ |G| = 2, G = {1, (12)(34)}, {1, (13)(24)}, {1, (14)(23)}.
(3) XJ |G| = 3, G = 〈(123)〉, 〈(124)〉, 〈(134)〉, 〈(234)〉.
(4) XJ |G| = 4, du A4 Ø¹4���Tk3�2��, ¤± G = {1, (12)(34),

(13)(24), (14)(23)}.
(5) XJ |G| = 6, du A4 �¹3�2��Ú8�3��, Ïd G �½�¹3�

�. �´XJ G �¹3��Ú1, K G ���Ûê, gñ! Ïd G �¹2�� σ
Ú3 �� τ . XJ G ´��+, K στ ´6��, ù� A4 Ø¹6��gñ! Ïd
G = {1, σ, τ, στ, τ2, στ2} � τσ = στ2. u´ G �¹3�2�� σ, στ, στ2, =�¹f
+ {1, (12)(34), (13)(24), (14)(23)}, �´ù� 4 - 6 gñ!.

7.2. σ �±�¤ [n2 ] �Ø��é��È, Ïd§�Ûó5Ú [n2 ] �Ûó5�Ó, =

σ ´ó��XJ n ≡ 0, 1 mod 4; σ ´Û��XJ n ≡ 2, 3 mod 4.

7.12. 5¿� ξ = (σ, 1)× (1, τ),  (σ, 1) �±�¤ n �.� σ �Ó�Ø����
¦È, ε((σ, 1)) = ε(σ)n. Ón ε((1, τ)) = ε(τ)m, Ïd ε(ξ) = ε(σ)nε(τ)m.

7.8. � σ = (123 · · ·n), K σk(12)σ−k = (k + 1, k + 2), 1 ≤ k ≤ n− 2, 

(23)(12)(23) = (13),

(34)(13)(34) = (14),

...

(n− 1, n)(1, n− 1)(n− 1, n) = (1n),

Ïd (12), σ �±)¤ (1k), 2 ≤ k ≤ n, �ö)¤ Sn, � (12), σ )¤ Sn.

7.11. du σ �±�¤Ø��Ó��È, Ïd·��Ié σ ´Ó���/y²=
�. ·��±ké����Ó�y², ,�}ÁO�

(12)(34)(56) · · · (k, k + 1)× (23)(45) · · · (k − 1, k)

uy§´�Ó�, N�êi�m�^S, ·���Xe��{:
Ø�� σ = (12 · · · k), XJ k = 2a+ 1 ´Ûê, @o

σ = (2a+ 1, 1)(2a, 2) · · · (a+ 3, a− 1)(a+ 2, a)× (1, 2a)(2, 2a− 1) · · · (a, a+ 1),

XJ k = 2a ´óê, @o

σ = (2a, 1)(2a−1, 2) · · · (a+2, a−1)(a+1, a)×(1, 2a−1)(2, 2a−2) · · · (a−1, a+1).

½ö: du σ = αβ, σ−1 = βα, σ = α−1σ−1α,  σ−1 Ú σ .�Ó, ÏdXJ
σ = (12 · · ·n), ·��±�E α XÓSK7.2��.



7.9. N´wÑ��Ý
 A r��þ (x1, . . . , xn)T C¤,� (xσA(1), . . . , xσA(n))
T .

u´ AB r��þ (x1, . . . , xn)T C¤ (xσAσB(1), . . . , xσAσB(n))
T . -

ϕ : G→ Sn

A 7→ σA

K ϕ(AB) = σAσB = ϕ(A)ϕ(B), �?¿ σ k��� (k, σ(k)) ©þ� 1, 1 ≤ k ≤ n,
Ù{©þ� 0 ���Ý
. Ïd ϕ ´÷�,  |G| = n! = |Sn|, Ïd ϕ ´�±$�
�V�, u´ G ´+�Ó�u Sn.

7.6. ·�òù����Uì���Ó��c¡, ���Ó���¡�^SüÐ, @
où���éA
�� n-ü�, Ïdk n! «. �´�Ó.�m´�±?¿���,
z� k- Ó��k k «ØÓ��{, Ïd¢S��ê�

n!∏n
i=1 λi!i

λi .

¤k����ê�Ú� n!, Ïd∑ n!∏n
i=1 λi!i

λi
= n!,

∑ 1∏n
i=1 λi!i

λi
= 1.

16. ��

��Ò´ F×p ��Ì�+�)¤�.

8.1. � a, b ´� p ���, K�3��ê n ¦� b = an � (n, p− 1) = 1. u´ n
´Ûê, ab = an+1, 2 | (n+ 1, p− 1), Ïd ab Ø´��.

½ö: d (a
p−1
2 )2 = 1 � a

p−1
2 = −1, Ón b

p−1
2 = −1, (ab)

p−1
2 = 1, ab Ø´��.

8.6. 5¿� q > 3,

(±2)2 6≡ 1 mod q,

(±2)2p ≡ 1 mod q,

(1) du q ≡ 3 mod 8,

2p = 2
q−1
2 ≡

(
2

q

)
= −1 mod q,

Ïd 2 ´� q ���.
(2) du q ≡ 7 mod 8,

(−2)p = (−2)
q−1
2 ≡

(
−2

q

)
= −1 mod q,

Ïd −2 ´� q ���.



17. V4�ÎÒ�O�

8.12. (
17

23

)
=

(
23

17

)
=

(
6

17

)
=

(
2

17

)(
3

17

)
=

(
17

3

)
=

(
2

3

)
= −1.(

19

37

)
=

(
37

19

)
=

(
−1

19

)
= −1.(

60

79

)
=

(
3

79

)(
5

79

)
=

(
79

3

)(
79

5

)
= −

(
1

3

)(
4

5

)
= −1.(

92

101

)
=

(
23

101

)
=

(
101

23

)
=

(
9

23

)
= 1.

8.7. (1) du
(
−1
p

)
= 1, Ïd

(
r
p

)
= 1 �du

(
p−r
p

)
= 1, u´

p−1∑
r=1,( rp )=1

r =
1

2

p−1∑
r=1,( rp )=1

r + (p− r) =
p(p− 1)

4
.

(2) d (1) �

p−1∑
a=1

a

(
a

p

)
=

p−1∑
r=1,( rp )=1

r −
p−1∑

r=1,( rp )=−1

r = 2

p−1∑
r=1,( rp )=1

r −
p−1∑
r=1

r = 0.

(3)

p−1
2∑

k=1

[
k2

p

]
=

p−1
2∑

k=1

k2

p
−

p−1∑
r=1,( rp )=1

r

p
=

1

6p
· p− 1

2
· p+ 1

2
· p− p− 1

4
=

(p− 1)(p− 5)

24
.

8.8. (1)

p−1∑
r=1,( rp )=1

r ≡

p−1
2∑

k=1

k2 =
(p2 − 1)p

24
≡ 0 mod p.

½ö: �
(
a
p

)
= −1, K

p−1∑
r=1,( rp )=−1

r ≡ a
p−1∑

r=1,( rp )=1

r mod p,

(a+ 1)

p−1∑
r=1,( rp )=1

r ≡
p−1∑
r=1

r =
p(p− 1)

2
≡ 0 mod p.

du p ≡ 3 mod 4,
(
−1
p

)
= −1, a 6≡ −1 mod p,

p−1∑
r=1,( rp )=1

r ≡ 0 mod p.



(2) du
p−1∑

r=1,( rp )=−1
r ≡ a

p−1∑
r=1,( rp )=1

r ≡ 0 mod p, Ù¥ a ´� p ��g��{,

Ïd
p−1∑
a=1

a

(
a

p

)
=

p−1∑
r=1,( rp )=1

r −
p−1∑

r=1,( rp )=−1

r ≡ 0 mod p.

8.10. ·�ò¬^�SK8.9�(Ø. � d = D
4a2 , K f(x) = a((x+ b

2a )2 − d),

p−1∑
x=0

(
f(x)

p

)
=

(
a

p

) p−1∑
x=0

(
x2 − d
p

)
.


p−1∑
x=0

(
(
x2−d
p

)
+ 1) ´ Fp ¥�§ y2 = x2 − d �)��ê, =

p−1∑
x=0

(

(
x2 − d
p

)
+ 1) =

{
p− 1, XJ p - d,
2p− 1, XJ p | d,

Ïd
p−1∑
x=0

(
f(x)

p

)
=

−
(
a
p

)
, XJ p - D,

(p− 1)
(
a
p

)
, XJ p | D.

18. Ó{�§)��ê

8.9. ·�Ø�3 Fp ¥�Ä. XJ a 6= 0, @o (x+ y)(x− y) = a, � x+ y = s 6= 0,

x − y = as−1, x = s+as−1

2 , y = s−as−1

2 . w,ØÓ� s éAØÓ�), Ïd��k

p−1|). XJ a = 0, x = ±y,¤k�)� (0, 0), (1,±1), (2,±2), . . . , (p−1,±(p−
1)), � 2p− 1|.

8.11. (1) w, x ≡ 1 mod 2 ´).
(2) dué?¿�ê x, x2 ≡ 0, 1 mod 4,  a ´Ûê, ÏdXJk)K a ≡

1 mod 4. ��, XJ a ≡ 1 mod 4, x ≡ 1 mod 4, x ≡ ±1 �ü�).
(3) dué?¿�ê x, x2 ≡ 0, 1, 4 mod 8,  a ´Ûê, ÏdXJk)K a ≡

1 mod 8. ��, ·�|^êÆ8B{. b� a ≡ 1 mod 8. éu k = 3, x ≡ 1 mod 8,
x ≡ ±1,±3. � x2 ≡ a mod 2k k) x0. XJ x20 − a ´ 2k+1 ��ê, K x0 ´
x2 ≡ a mod 2k+1 ���). XJ x20 − a Ø´ 2k+1 ��ê, K (x0 + 2k−1)2 − a ≡
x20 − a+ 2kx0 ≡ x20 − a+ 2k ≡ 0 mod 2k+1, Ïd x0 + 2k−1 ´ x2 ≡ a mod 2k+1 �
��).
Ø�� x0 ÷v x20 ≡ a mod 2k+1, K x2 ≡ x20, 2

k+1 | (x − x0)(x + x0),  x0
´Ûê, Ïd x − x0, x + x0 Ø�UÑ´ 4 ��ê, u´ 2 | x ± x0, 2k | x ∓ x0,
x = ±x0,±x0 + 2k.

19. k��þõ�ª

8.14. XJ p = 2, K x2 − 15 = (x+ 1)2 ��.
XJ p = 3, 5, K x2 − 15 = x2 ��.

XJ p ≥ 7, K x2 − 15 ���duk�, =
(

15
p

)
= 1. (

15

p

)
=

(
3

p

)(
5

p

)
=

(
−1

p

)(p
3

)(p
5

)
.



Ïd

p ≡ 1 mod 4, p ≡ 1 mod 3, p ≡ ±1 mod 5,

½

p ≡ 1 mod 4, p ≡ −1 mod 3, p ≡ ±2 mod 5,

½

p ≡ −1 mod 4, p ≡ −1 mod 3, p ≡ ±1 mod 5,

½

p ≡ −1 mod 4, p ≡ 1 mod 3, p ≡ ±2 mod 5,

= p ≡ ±1,±7,±11,±17 mod 60.
nþ¤ã, p = 2, 3, 5 ½ p ≡ ±1,±7,±11,±17 mod 60.

8.17. x2 +αx+β = (x+ α
2 )2− γ, γ = α2/4−β, Tõ�ªØ���duvk�, =

γ 6= 0 �
(
γ
p

)
= −1. ù�� γ k p−1

2 �, α ?�, Ïd��k p(p−1)
2 �Ø��

õ�ª.

20. �Xêõ�ª

9.2. êÆ8B{. Äk5¿��Ié�K�ê n y²=�.
n = 0, 1 w,.
� t = x+ x−1. XJéu 0 ≤ n ≤ k, xn + x−n = fn(t), fn ´�Xêõ�ª, K

xk+1 + x−k−1 = (xk + x−k)(x+ x−1)− (xk−1 + x1−k) = tfk(t)− fk−1(t)

�±L«� t = x+ x−1 ��Xêõ�ª.

9.4. � g = c(g)g1, K g1 ∈ Z[x] ��, u´ f(x)g1(x) ��, fg = c(g)fg1,

c(fg) = c(g)c(fg1) = ±c(g),

Ïd c(g) = ±c(fg) ∈ Z, g(x) ∈ Z[x].

9.5. � 3x3 + 2x2 − 1 �n��� a, b, c, K

a+ b+ c = −2

3
, ab+ ac+ bc = 0, abc =

1

3
.

u´

a2 + b2 + c2 = (a+ b+ c)2 − 2(ab+ bc+ ca) =
4

9
,

a2b2 + b2c2 + c2a2 = (ab+ bc+ ca)2 − 2abc(a+ b+ c) =
4

9
,

a2b2c2 = (abc)2 =
1

9
,

Ïd a2, b2, c2 ´õ�ª f(x) = x3 − 4
9x

2 + 4
9x−

1
9 �n��.

9.6. dK��3 Q[x] ¥ p(x) | f(x) ½ p(x) | g(x). Ø��3 Q[x] ¥ p(x) | f(x),
K�3 q(x) ∈ Q[x], f(x) = p(x)q(x). �´ p(x) ´��õ�ª, dSK 9.4 �
q(x) ∈ Z[x], Ïd3 Z[x] ¥ p(x) | f(x).



9.7. du§�Ñ´Ä��, Ïd�Iy²3 Z[x] ¥Ø��. (1) � f(x) = x4 +
3x + 5, dué?¿�ê n, f(n) ´Ûê, f vk�ê), ¤±XJ f ��, 7�ü
�2g�Xêõ�ª�È. � f(x) = (x2 + ax+ b)(x2 − ax+ c), K

b+ c− a2 = 0, a(c− b) = 3, bc = 5.

d bc = 5 � b− c = ±4 - 3, gñ! Ïd f Ø��.
(2) � f(x) = x5 + 4x4 + 2x3 + 6x2 − x+ 5, dué?¿�ê n, f(n) ´Ûê, f

vk�ê), ¤±XJ f ��, 7���2g�Xêõ�ªÚ��3g�Xêõ�ª
�È. � f(x) = (x3 + ax2 + bx+ c)(x2 + (4− a)x+ d), K

a(4− a) + b+ d = 2, 6 = c+ b(4− a) + ad, −1 = c(4− a) + bd, 5 = cd.

u´

4− a =
4d− 6 + c

d− b
,

−1 = c
4d+ c− 6

d− b
+ bd,

db2 + (1− d2)b− d− 20− c2 + 6c = 0.

d cd = 5 � c | 5. XJ c = 5, d = 1, b2 = 16, b = ±4, a = 5, 3, a(4− a) + b+ d = 0,
gñ! XJ c = −5, d = −1, b2 = −74,Ã).XJ c = ±1, d = ±5, 5b2−24b−20 = 0
½ 5b2 + 24b+ 22 = 0, Ã)! Ïd f Ø��.

9.8. (1) � f(x) = xp−1 + · · ·+ x+ 1, K (x− 1)f(x) = xp − 1. � y = x− 1, K

yf(y + 1) = (y + 1)p − 1 = yp +

p−1∑
i=1

(
p

i

)
yi,

f(y + 1) = yp−1 +

p−1∑
i=1

(
p

i

)
yi−1,

dEisenstein�O{�ÙØ��.
(2) XJ n = ab Ø´�ê, a, b > 1, K

(x− 1)f(x) = xn − 1 = (xa − 1)

b−1∑
i=0

xai,

f(x) = (

a−1∑
j=0

xj)(

b−1∑
i=0

xai)

��.

9.9. b� f(x) = (x − a1) · · · (x − an) − 1 ��,du f Ä�, �3Ä���~ê
�Xêõ�ª g(x), h(x), f(x) = g(x)h(x). u´ g(ai) = ±1. Ø�� g(a1) =
· · · = g(at) = 1, g(at+1) = · · · = g(an) = −1, K deg g ≥ max{t, n − t}, Ón
deg h ≥ max{t, n− t}. Ïd t = n− t = deg g = deg h,

g(x) = (x− a1) · · · (x− at) + 1, h(x) = (x− a1) · · · (x− at)− 1,

f(x) = g(x)h(x) = (x− a1)2 · · · (x− at)2 − 1,

gñ!



9.10. f �~ê����u�u1, Ïd�3� x0, |x0| ≥ 1. �

g(x) =
f(x)

x− x0
= xn−1 +

n−2∑
i=0

bix
i,

K

a0 = −x0b0,

ai = −x0bi + bi−1, 1 ≤ i ≤ n− 2,

an−1 = −x0 + bn−2,

u´

|bn−2|+ |x0| ≥ |bn−2 − x0| = |an−1|

> 1 +

n−2∑
i=0

|ai|

= 1 +

n−2∑
i=0

|x0bi − bi−1|

≥ 1 +

n−2∑
i=0

(|x0bi| − |bi−1|)

= (|x0| − 1)

n−2∑
i=0

|bi|+ |bn−2|+ 1

(|x0| − 1)(

n−2∑
i=0

|bi| − 1) < 0,

Ïd |x0| > 1,
∑n−2
i=0 |bi| < 1.

� g(x) = (x− y0)(xn−2 +
∑n−3
i=0 cix

i), Kaq/, ·�k

1 >

n−2∑
i=0

|bi| ≥ (|y0| − 1)

n−3∑
i=0

|ci|+ |y0|,

(|y0| − 1)(

n−3∑
i=0

|ci|+ 1) < 0,

|y0| < 1. Ïd f �k������u1, Ù{��þ�u1. XJ f = gh ��, K
g, h �~ê�þ�", þ�3���u�u1��, gñ! Ïd f Ø��.
¢Sþ, XJ·�|^EC¼ê¥V�½n, �±��3 S1 þ |f − an−1xn−1| <

|an−1xn−1|, l f Ú an−1x
n−1 3 S1 SÜk�Óõ��, = n− 1 �.

9.11. (1)

x21x2 + x22x1 + x21x3 + x23x1 + x22x3 + x23x2

=x1x2(s1 − x3) + x1x3(s1 − x2) + x2x3(s1 − x1)

=(x1x2 + x1x3 + x2x3)s1 − 3s3

=s1s2 − 3s3.



(2) Äk x21 + x22 + x23 = s21 − 2s2.

x1(x32 + x33) + x2(x31 + x33) + x3(x31 + x32)

=x1x2(x21 + x22) + x1x3(x21 + x23) + x2x3(x22 + x23)

=s2(x21 + x22 + x23)− x1x2x3(x1 + x2 + x3)

=s2(s21 − 2s2)− s3s1 = s21s2 − 2s22 − s1s3.

9.12. êÆ8B{. � tn = xn1 +xn2 +xn3 . n = 0, 1, 2�, t0 = 3, t1 = −a, t2 = a2−2b
´�ê. � k ≥ 2, XJéu n ≤ k, tn = xn1 + xn2 + xn3 ´�ê, K

tk+1 = −atk − x1x2(xk−11 + xk−12 )− x2x3(xk−12 + xk−13 )− x3x1(xk−13 + xk−11 )

= −atk − x1x2(tk−1 − xk−13 )− x2x3(tk−1 − xk−11 )− x3x1(tk−1 − xk−12 )

= −atk − btk−1 − ctk−2
´�ê.

21. tØ

SK1.12: ”©”U�”kS©”.
SK1.17: z ´XJê��=� z̄ = −z � z 6= 0.
SK2.1: ”Ý
”U�”2��
”.
SK2.4: ”�
”U�”¢�
”.
SK2.10: ”Z(

√
2)”U�”Z[

√
2]”.

SK2.17: ü?”-30”U�”-3”.
SK5.9: n ≥ 2.
SK8.13: ”�ê”U�”Û�ê”.
SK9.11(1) U� x21x2 + x22x1 + x21x3 + x23x1 + x22x3 + x23x2.


