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1. �4"16% m,  =��2% (21m + 4, 14m + 3). (10 �)

2.

1)  =��2% (252, 198), ��(�* 252 � 198 
6,%-0<��
(5 �)

2)  =/��% [252, 198]. (5 �)

3.  20! 
�:&2;��#� (10 �)

4.  5x + 7y = 41 
!�76%�� (10 �)

5. 8��.#
x

6 + x
5 + · · · + x + 1����*��Æ4 6 �
3�,%�.#
	�� (10 �)

6. � σ(n) * n 
'372%9�� σ(117). (10 �)

7. � ϕ(m) * Euler �%� ϕ(7 · 9 · 11). (10 �)

8. �)5�
 7x ≡ 1 (mod 31). (10 �)

9. �)5�
<
{

x ≡ 3 (mod 5),

x ≡ 4 (mod 7).

(10 �)

10. +)5�

x

2
≡ 14 (mod 55)$�3�� (10 �)

1



AB�C
1. " Fermat �X (p|np

− n), "m�0~ n, 1e
2730|n13

− n.

(10 )) � 2730 = 2× 3× 5× 7× 13, ��5�/��~h0� n
13

− n BU�[o�
n

13
− n = (n3)4n − n ≡ n

5
− n ≡ n

3
− n ≡ 0 (mod 3).

2. N�'(�<










x ≡ 2 (mod 3),

x ≡ 3 (mod 5),

x ≡ 4 (mod 7).

(10 ))�.�%+7�	9N&�
3. # Wilson �X

(p − 1)! ≡ −1 (mod p)���� p �i�~t�$
22

· 42
· · · (p − 1)2 ≡ (−1)

1

2
(p+1) (mod p).

(5 )) �
2 · 4 · · · (p − 1) ≡ (−1)(p − 2) · (−1)(p − 4) · · · (−1)1

≡ (−1)
p−1

2 1 · 3 · · · (p − 2) (mod p),

1



���
22

· 42
· · · (p − 1)2 ≡ (−1)

p−1

2 1 · 3 · · · (p − 2) · 2 · 4 · · · (p − 1)

≡ (−1)
p−1

2 (p − 1)! ≡ (−1)
p+1

2 (mod p).

4. l� 3 �%�s'��~ p(> 3). (10 ))H� 41 �p�[ 1.

5. 	�'(�
x

2
≡ 23 (mod 91)w*UN�o5UN�<�$D. mod 91 �N� (10 )) � 91 = 7 × 13, ��#� 31 �p��X 1 2��'(�

x
2
≡ 23 (mod 91) (1)�N~�_(�

x
2
≡ 23 (mod 7) (2)

x
2
≡ 23 (mod 13) (3)�N~3��# Legendre +8�F�2�

(
23

7
) = 1, (

23

13
) = 1. ��(� (2), (3) /$_.N��$(� (1) $�.N�/Y��0�P��N�

6. a
f(x) = x

4 + 4̄x3 + x
2 + 2̄x + 4̄, g(x) = x

3 + 3̄x
2 + 5̄� F7[x] p�#�u�l f(x) 9 g(x) �=�1 u d(x)(|��~� 1), �J

d(x) ��
d(x) = r(x)f(x) + s(x)g(x),

2



/Y r(x), s(x) R}& F7[x]. (10 ))##�u�*8��&�U�
d(x) = x + 1̄ = (3̄x + 1̄)f(x) + (4̄x

2 + 3̄x + 5̄)g(x).

7. q s > 1. a µ(n) � Möbius 7~�
ζ(s) =

∞
∑

n=1

1

ns
.1e

∞
∑

n=1

µ
2(n)

ns
=

ζ(s)

ζ(2s)
.

(10 )) �C~��w��7~�$jC~wQ"z℄����# Euler ��1uU�
ζ(s) =

∏

p

(

1 −

1

ps

)−1

,

ζ(2s) =
∏

p

(

1 −

1

p2s

)−1

,

∞
∑

n=1

µ
2(n)

ns
=

∏

p

(

1 +
1

ps

)

. ��
ζ(s)

ζ(2s)
=

∏

p

(1 −
1

p2s )

(1 −
1

ps )
=

∏

p

(1 +
1

ps
) =

∞
∑

n=1

µ
2(n)

ns
.

8. a d(r) ��~7~�1e
∑

r|n

d
3(r) =

(

∑

r|n

d(r)
)

2

.

(10 ))

3



 �_�!w��7~���5�"&�~d�1BU�#
∑

r| pa

d
3(r) =

a
∑

l=0

d
3(pl) =

a
∑

l=0

(l + 1)3,

(

∑

r| pa

d(r)
)

2

=
(

a
∑

l=0

d(pl)
)

2

=
(

a
∑

l=0

(l + 1)
)

2

,�A:�u ("4f&1e)

13 + 23 + · · · + m
3 = (1 + 2 + · · · + m)2,U�Mb�

9. a ϕ(n) � Euler 7~� µ(n) � Möbius 7~�"& x ≥ 1, 1e
∑

n≤x

ϕ(n)

n
=

∑

n≤x

µ(n)

n

[

x

n

]

.

(10 )) � ϕ(n) w n � Möbius '�>���
ϕ(n) = n

∑

d|n

µ(d)

d
,H� 110 ��X 2. �U�

ϕ(n) = n

∏

p|n

(

1 −

1

p

)

= n

∑

d|n

µ(d)

d
. ��

∑

n≤x

ϕ(n)

n
=

∑

n≤x

∑

d|n

µ(d)

d
=

∑

d≤x

µ(d)

d

∑

n≤x
d|n

1 =
∑

d≤x

µ(d)

d

[

x

d

]

.�U��%���>��
∑

n≤x

µ(n)

n

[

x

n

]

=
∑

n≤x

µ(n)

n

∑

l≤ x
n

1 =
∑

m≤x

∑

ln=m

µ(n)

n

=
∑

m≤x

∑

n|m

µ(n)

n
=

∑

m≤x

ϕ(m)

m
.
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10. "& x ≥ 2, Z"IO1u
∑

p≤x

log p

p
= log x + O(1),1e

∑

p≤x

log3
p

p
=

1

3
log3

x + O(log2
x),/Y p 
v�~� (10 ))/w Abel l9��.4L!"�(� 94 ��X 2 ���a

S(n) =
∑

p≤n

log p

p
= log n + r(n), r(n) = O(1),U;�

−

∑

2≤n≤x

log2
n log(1 −

1

n
).

11. a ϕ(n) � Euler 7~�"& x ≥ 2, 1e
∑

n≤x

1

ϕ(n)
= O(log x).

(5 ))

$
ϕ(n) = n

∏

p|n

(

1 −

1

p

)

= n

∏

p|n

(

1 −

1

p2

)

∏

p|n

(

1 +
1

p

)−1

≥ n

∏

p

(

1 −

1

p2

)

∏

p|n

(

1 +
1

p

)−1

, ��
1

ϕ(n)
≪

1

n

∏

p|n

(

1 +
1

p

)

≪

1

n

∑

d|n

1

d
.&w�

∑

n≤x

1

ϕ(n)
≪

∑

n≤x

1

n

∑

d|n

1

d
=

∑

d≤x

1

d

∑

n≤x
d|n

1

n

=
∑

d≤x

1

d2

∑

l≤x
d

1

l
≪

∑

d≤x

1

d2
log x ≪ log x.
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